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Abstract-In this paper. the boundary element method (BEM) is applied to the analysis of interface
cracks between dissimilar anisotropic materials in plane elasticity. It is based on the quadratic
element formulation and special crack-tip elements which incorporate the proper O(r- I

:";') oscil­
latory traction singularity are employed. A simple e~pression relating the stress intensity factors to
the BEM computed traction coefficients is derived. and this procedure for determining stress
intensity factors is validated by several e~amples. The numerical results obtained are shown to be
very s'ltisfactory even with relatively eoarse mesh discretizations.

I, INTRODUCTION

The study of cracks that lie along the interface between two different elastic media is
import'lOt in providing a better understanding of the integrity of bonded interfaces between
dissimilar materials. and for determining the appropriate factors which affect the mechanical
properties of composites and multi-phase solids. In such problems, the ncar-tip fields may
be characterized by the complex stress intensity f.tctor K = K. + iKIl • and the stresses in the
vicinity of the interf'lce crack tip arc oscill.ttorily singular. of the order r . I. ~ H;', where " is
a bim.tterial property. Also, the tensile and shear ctfects arc always coupled. even for single
mode lo.tding. As a result, the stress intensity factors (S.I.F.). K. and Kil • should not be
interpreted in the classical separate sense as for cracks in homogeneous muterials.

The bim.lterial interfuce crack problem has been the subject of extensive theoretical
and experimental investigations in recent years [e.g. Rice (19HH), Hasebe ('I Cli. (19H7).
Kueznski und Mutysiak (1989), Comninou (1990), Charalambides ef Cli. (19H9), Sun and
Jih (19H7), Matos ef Cli. (19H9). Hutchinson and Evans (1989). Yehi'l and Shepp'lrd (1988),
Toyu (1990), Purk and Earmme (1986) and Cao and Evans (1989)], although it h.ls
previously also received some attention by Williams (1959). Erdogan (1965), Enghtnd
(1965), Rice and Sih (1965), Perlman and Sih (1967) and Comninou (1977), among others.
However, these studies based on the linear elastic fracture mechanics approach huve con­
centrated mainly on isotropic bimatcrials; similar investigations into anisotropic bimaterials
arc relatively limited in number. Reported works in this latter case include those by Willis
(1971). Clements (1971), Ting (1986), Bassani and Qu (1989a, b). Wu (1990, 1991), Ni and
Nemut-Nasser (1991) and Nakagawa ef Cli. (1990), all of whom have treated the problem
analytically. Numerical methods have also been employed for the analysis of interface
crucks between non-isotropic elastic media. but the finite clement method is the technique
almost exclusively used. Among the contributions in this regard are those by Wang and
Yuan (1983), Kuo and Wang (1985), Raju ef al. (1988), Sun and Manoharan (1989). and
Lin and Hartmann (1989).

The boundary clement method (BEM), also commonly known as the bound'try integral
equation (BI E) method, has recently been applied to the study of interface cracks as well,
but only in isotropic bimaterials [Yuuki el al., 1987; Yuuki and Cho, 1989; Lee and Choi,
1988; Tan and Gao. I990a. b, 1991; Gao and Tan, 1992). In the BEM approach employed
by Yuuki ('f al. (19H7) and Yuuki and Cho (1988). Hetenyi's solution for a point load in
an infinite plate made of two dissimilar isotropic media was used as the fundamental
solution in the BIE formulation. The stress intensity factors, Kl and KIl , were then obtained
by extrapolation techniques based on the computed crack face displacement data. Lee and
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Choi (1988), on the other hand, used the conventional formulation of the BEi\! with
quadratic isoparametric elements. They obtained the stress intensity factors by directly
correlating the computed nodal displacements on the elements adjacent to the interface
crack-tip to the classical field solution. In both these approaches. however, very refined
mesh discretizations, by conventional BEM standards. need to be employed. Tan and Gao
(1990a, b, 1991) and Gao and Tan (1992) also used the conventional BEM in their studies,
but with quarter-point O(r- I C) traction-singular crack-tip elements. Instead of computing
for K, and KII directly. the modulus, Ko• of the complex stress intensity factor. which may
also be written as K = Ko e'''', was obtained. It is worth mentioning here that for the interf~lce

crack in isotropic bimaterials, this quantity Ko is directly related to the strain energy release
rate. In these references, the authors calculated Ko from expressions they had derived
relating it to the computed nodal tractions or to the nodal displacements of the q uarter­
point crack-tip elements. The phase, IjJ, of the complex stress intensity factor, however, was
not determined directly using a formally established procedure. Instead, it was estimated
via its relationship with the crack face displacements at certain positions on the crack-tip
elements. These positions were established from numerical experiments carried out on
several test problems with exact analytical solutions. Nevertheless. good solution accuracy
for Ko and IjJ was obtained even with relatively coarse mesh designs.

Ir 'Iis paper, the conventional BEM with quarter-point crack-tip elements is applied
to th r .llysis of interf~lce cracks between two dissimilar anisotropic media in two dimen­
sions. In contrast to the previous treatment by the authors on interface cracks in isotropic
bimaterials mentioned above, the proper O(r I C"") traction singularity is incorporated in
the cr<lck-tip elements employed. Also. instead of obtaining Ko and IjJ, the focus of the study
is the direct determination of K1 and KII . This is because, as will be evident later, any
expression for Ko in terms of the computed primary variables. namely, the displacements
and the tractions, becomes significantly more complicated in the anisotropic case, and it is
also doubtful if the less than formal procedure to estimate the phase angle IjJ of the complex
stress intensity factor remains applicable. Moreover, the relationship between the strain
energy release rate and Ko is no longer as direct and simple as before. In this study, analytical
expressions which enable K, and KII to be calculated directly from the computed nodal
tractions on the crack-tip elements are derived. The veracity of the present approach is
demonstrated by several examples involving an interface crack in isotropic and anisotropic
bimaterials. Before these results are presented and discussed. the analytical basis of the
method employed will first be shown.

2. UASIC EQUATIONS AND THE S.LF.

The development of the equations presented here closely follows that by Bassani and
Qu (1989) and Wu (1990). The indicial notation is used, in which the Latin indices take on
the values I, 2 and 3 while the Greek indices only take on the values I and 2. Also,
summation is implied for repeated indices.

For a generally anisotropic elastic body in Cartesian co-ordinate space x" the stress-­
strain relation may be written as

( I )

and the Navier's equation of equilibrium for plane deformation of the body as

(2)

where II"" (Tkl and r.",n arc the displacements, stresses and strains, respectively, and Ck1mn arc
the elastic constants of the material. By introducing the following Fourier transform pair:
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I f~l(~) = r-;: !(x) e,;t dx.
V 2n: - x-

I fX. .!(x) = ---= lw e -l~t d~.
/"n: - ~'" -
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(3a)

(3b)

where i = J -I. and applying them to eqn (2) over the XI co-ordinate. the following
equation may be obtained:

(4)

This equation may also be written in matrix notation as

(5)

where the superscript "T" denotes the transpose of the matrix and

[C""
CIII !

C" "]Q = (Q/d = «('tiki) = ('I!II ('111! ('I!II •

C IIiI ('1.l1! ('1.111

[C"" CII!!

C""]S = (Sid = «(',lk!) = CI!I! c~ 111~ CI!!I •

C III ! ('II!! ('II!I

[C""
C I!!! C""]V = (V,d = (C,1k !) = ('!!I! (·1111 (.'112,l .

C!.II! ('1.\12 C!.I!.I

E4uation (4) or (5) admits partil:ular solutions of the form

(6a)

(6b)

I~ " 1. -. (7)

or. in matrix notation.

provided that a and ~! satisfy the eigenvalue equation

If~! = I'~I' eqn (9) becomes

(8)

(9)

( 10)

and the necessary and sutlicient condition for a not having trivial solutions is thus the
vanishing of the determinant of the coetlicient matrix in eqn (10). That is

( 11)

which is a sixth-order polynomial in (1. Since Q. S and V are real and are functions of the
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material constants elm". the roots p, (lV = I. 6). are independent of ~ I' And because eqn
(2) is elliptic. eqn (II) has three pairs of complex conjugate roots. Thus the six. roots may
be written as

( 12)

Consider now a crack lying along the interface between two semi-infinite solids which
are made of linear elastic anisotropic materials I and II. respectively. as shown in Fig. l.
[n the vicinity.of the crack-tip. the stresses ahead of the crack along the interface are written
as

(13 )

From dimensional considerations [see Rice (1988)]. the stress intensity factors for interface
cracks may also be written with reference to a characteristic dimension. say L. of the
physical problem. These stress intensity factors will be written as

(I·n

and their relationship with the stresses t is

where [see Ting (19X6)1

and

i' = I In (I + II)
2n: I -II

( 15)

( 16)

( 17)

In eqn (17). Wand J) are the negative real and imaginary parts of a complex matrix M.
that is.

Matertal [

X,

Fig. I. ;\n interface .:rack hctween dissimilar anisotropic media.



BE\! of interfa.:c .:ra.:ks

M = -(W+iD)
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( 18)

and \1 in turn is related to a Hermitian matrix A which is defined by the elastic constants
of the bimaterial. More specifically.

L'(p'd = Q'+p~[S'+(S')T]+p~V'.

C'(p~) = (S,)r +p~V'.

~=r.".

where the superscript ~ = I or II refers to material I or II. respectively.
It can he shown that (Ting. IlJ86)

-\tr[(WI> I)~I > ()

so II in eqll (17) is always real. Also. in eqll (15). the matrix R is defined by

R[cj = 1+ 1m leW + (I - Re leIW~.

( 19)

(20)

(21 )

(22)

(23)

(24)

(25)

where 1m and Re denote the imaginary and real parts. respeetively. 1 is the unit matrix. and

I _ _ I

I) = WI>
{/

l\I 1 = \V+il).

It should also he noted that I~ has the following properties:

R[I] = I.

R(c]' Rk] = R(c£'].

(26)

(27)

(28a)

(2Xh)

in which the arguments (' and (' ,Ire dimensionless. so that R is also dimensionless.
For materials where the x ,-axis is a two-fold symmetry axis. the clastic constants

C,,~, =Cn \I =0 and C~ll ~ =C \II ~ = O. There is thus no coupling of the displacement
component II, with the components II, and 111' In this case. the matrix 1)1 in eqn (25) ean
be shown to be

(29)

Also. (j~, and 1\111 disappear for plane prohlems. so only K1 and KII need be considered.
From eqns (2lJ). (25) and (15). the stress intensity factors in terms of the stresses become
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where

R'[(fr] = Re [ (i} ';} + 1m [(f) '] p

=cos[:'ln(f)JG ~J-sin[i'ln(i)J[;~: ;:J. (31)

It is evident from eqns (30) and (31) that when r -+ O. the stresses exhibit an oscillatory
singularity. as was mentioned earlier. In the case when i' = O. that is. when the elastic body
is homogeneous. R' becomes a unity matrix and the stress intensity t~ll:tors are then of the
classical separate form for the two distinct modes of crack deformation.

3 BEM DETERMINATION OF TilE 5.1 F.

The an~llytical basis of the BEM in elastostatics is the transformation of the governing
partial differential equations valid over the entire elastic solution domain n into an integral
equation written for just its boundary r. In the direct formulation. usc of the unit load
fundamental solutions with the RettiRaykigh reciprocal work theorem will. through
appropriate limiting operations. result in the boundary integral equation (BIE) relating the
displal.:ements II, and tractions I, at r. The HIE for two dimensions may he written in
indicial notation as:

where U,/,( P. Q) and T,/I ( /'. Q) arc the fundamental solutions which represent the dis­
plal.:ements and tral.:tions. respl.:ctively. in the '\·/J-direction at /' in a plane homogeneous
infinite body. Details of their derivation for the anisotropic case have heen given by Cruse
(1988) and their explicit forms have also been presented by Tan and Gao (19l)2). Also. in
eqn (32), the valuc of C,/I(/») depends on the local gcometry of r at the point /'.

To solve the BIE numcrically. thc boundary r of the solution domain is divided into
a serics. or "mcsh" of line clements. Over each of these clements. thc boundary geometry.
displacements and tractions may be written. as in the present work. in terms of their
respective nodal values and the quadratic shape functions N'«(). The elements each have
three nodes. two at the ends and one at the mid-point; and the associated shape functions
N'«() arc

N 1«() = !((-I).

N~«() = 1-(.

N'(O = ~(I+(). (33)

Substitution of the isoparametric represent~ltions of the geometry and functions into eqn
(32) will result in a set of linear algebraic equations for the unknown tractions and dis­
placements at the nodes on the boundary of the solution domain. These equations may
then be solved using standard matrix solution techniques.

If the clastic domain is made up of several piece-wise dilTen:nt materials. it may be
divided into several sub-regions. eadl with corresponding material properties. A BI E is
written for each sub-region and the appropriate continuity and equilibrium conditions an:
applied at the common interface boundaries. before the linear algebraic equations are
solved. This multi-region approach may also be used to model general crack problems in
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homogeneous bodies (Blandford t:( al.. 19SI) whereby a domain is divided into two or
more sub-regions with the artiticial interface boundaries containing the crack plane.

It has been well established in BEM linear elastic analysis of fracture problems that
the use of the traction-singular quarter-point crack-tip dements will yield accurate results
for the stress intensity factors [see. e.g. Martinez and Dominguez (198ot). Tan and Gao
(1990a. b. 1991. 1992)). This is because the near-tip fields are more accurately represented
over these ekments. It has also been widely shown that by simply shifting the mid-point
nodes of the quadratic isoparametric dements adjacent to the crack tip to the quarter­
points (see Fig. 2). using the shape functions given in eqn (33). the following form of the
variation fN the displacements and tractions over the dements is obtained:

:x = 1. 2. (3ot)

where the superscripts denote the nodes shown in Fig. 2. and I is the length of the crack­
tip element. In addition. if the shape functions associated with the nodal tractions for the
element ahead of the crack-tip. as shown in Fig. 2. are multiplied by JIlr. the tractions are
O(r 1 C). That is.

[
I II , :) Jr III rJ JI

I, = A. +..1, 1+A, I r

(.\5)

It GIn he further wrilied that the computed nodal values of "tractions". i~. on this traction
singular c1emcnt are relatcd to thc physical values (', as follows:

i lll = lim (' II Jr
J ,..11 J "

(36)

For cracks in homogeneous materials. the bimaterial property i' = O. eqn (31) then
bccomes

(0)

(b)

Fig. ~. Quarter-pl,inl crack tip dements: (a) I'n the crack races; and (0) ahead of the crack tip.

SAS Z9:24-J
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so

or

K(L) = K = ,j2n:rt = ,,/2n:/i , II.

(37)

(38)

(39)

in which the classical stress intensity factors are directly obtained from the computed nodal
value of the traction coefficient ~') at the crack tip. In the case of interface cracks between
dissimilar isotropic materials. PI' = P~~ = 0 and P,~ = -P~, = I in eqn (31). It then
becomes

which clearly has the oscillatory form as r -+ O. However. the modulus Kll of the complex
stress intensity factor. defined as

(41 )

is not oscillatory in form. Besides. the strain energy release rate. (i. which may generally be
expressed as (Wu. 1(90):

G =\K'i) 'K. (42)

can he shown to he directly proportional to K(~. This led the authors to determine Kll instead
or K, and K II directly in their previous studies (Tan and Gao. Il)l)()a. b. 19lJ I). From eqns
(30), (36) and (40) K ll can he shown to be related to the computed nodal traction coetlicients
as:

(43)

For an interface crack between dissimilar anisotropic materials. 1',/1 # O. (:x.{f = 1.2).
It can then be easily verified using eqns (31) and (36) that K" will not have the same simple
form of eqn (42) in terms of the computed traction coeflicients. A new modilied shape
function is therefore introduced into eqn (35). which incorporates the oscillatory nature of
the traction singularity at the interface crack-tip. The variation of the tractions over the
singular quarter-point crack-tip element is now taken to be:

(44)

where i', is the computed traction coellicient at the cth node of the crack-tip element with
this new modified shape function. It can he easily verified that the relationship hetween i~

and the physical tractions I~ is as follows:



BEM of interface cracks

i' J) = lim ~. R'[(~)-';'J' till
x ,-0 -V I / x •

3~09

(45)

For two different characteristic dimensions L I and L~. the corresponding stress inten­
sity factors K(L I ) and K(L~) may be related according to Wu (1990):

K(L I ) = R' [(~:Jl K(L~). (46)

Thus. from eqns (28). (30). (45) and (46). using the crack-tip element length /. as one of
the characteristic dimensions.

[(L);'J [(')"';'J {t [(');'J'= R' 'l '~'R' 7 'y;'R I ,/111

[(L);'J -= R' i ' fin/' it 11. (47)

where i l II = [il
i
ll /\11]" are the computed traction coeflicients at the crack-tip node. ElI ua­

tion (47) may be written explicitly as

(4H)

As can be seen from this elluation. the numerical dilliculties associated with the oscillatory
singularity are now removed. Furthermore. it enables the stress intensity factors to be
obtained directly and simply from the REM computed traction coeflicients at the crack-tip
node.

4. NUMERICAL EXAMI'LES

The results for four test problems. all with exact analytical solutions. are presented
here to demonstrate the veracity of the OEM approach described above for obtaining stress
intensity factors of bimaterial interface cracks. Of these four problems. isotropic bimaterials
were tre.tted in two of them. This was. in part. to verify the soundness of the technique
when the materi'll properties reduce to the case of isotropy. and also because of the paucity
of exact closed-form solutions for anisotropic bimaterial interface cracks. In addition to
these test problems. one other problem W.IS treated in this study to illustrate a typical
application of the method. such .IS in the micromechanics analysis of multi-phase materials.
1L involves an elliptical inclusion with a debond crack in an 'lIlisotropic matrix.

In the numerical treatment of the problems. all the quadratic quarter-point crack-tip
clements have the same length / for a given problem case. This length / was typically taken
to be 10% of the modelled crack length a. The elements adjacent to these crack-tip elements
were gradually increased in size away from the crack-tip along the bimaterial interface. As
will be seen below. a relatively small number of boundary elements was used for each of these
problems considered. All the computations were carried out on the Honeywell DPS8j70
computer using single precision arithmetic.
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Fig. 3. Inlinitc isotropic I>imatcrial pl,lte with an interl',lec erad sul>jeclcd tn renwlc direct slres'Cs
I'rnl>lcl1l (i).

I'roh!CIII (i) : All illter/i/Cl' crack ill III/ ill/illitc isotropic bill/alerial plale
Figure :1 shows the first test problem treated, namely. that or an inlinite isotropic

bimaterial plate with an interrace crack or length '2t1, subjected to direct stresses at inlinity.
In the BEM model. a finite bimaterial plate was considered instead, hut its height and width
were taken to be '20 times the size of the crack. Thus the ellcets or the tinite boundaries l:an
he expel:ted to he not signilkant. The problem was analysed umler conditions or plane stn:ss.
Also, with rclcrenl:e to Fig. 3. the applied stress IT \ was taken to he [I' ~ - (/:'.~/ I:'dl' "(IT, l, where
£, and I" are the Young's modulus ,lIld Poisson's ratio. respectively, or material ):. This
was to ensure l:ontinuity l:onditions for the strain I: II along the himaterial interral:e. The
houmlary dement mesh employed ror this problem is shown in I:ig. 4 where only hall' or

Bo. A

I' ------·-1

I I
I I

Bo. A I Crock tiP I
-, I I I,

, I
I I
I I

I I

I I
L _ - --- _I

Fig. -I. REM mesh fnr Prnl>lcm (i).
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Table I. Normalilt...d stress intensity factors for an interface crack on an infinite bimaterial isotropic plate under
remote stresS<.'S - Problem (i l

1\, fT,,, lW Kl1il1,,, lW

E, E; I Euct BEM % Error Exact BEM % Error

1 0 I.Of 10 1.0!O 1.0 0 0 0
5 0.075 l.nOt> 1.02-l 1.1'\ -0.098 -0.096 -1.0

10 O.IW LOLl 1.031 I.~ -0.136 -O.l-ll 3.7
100 O.II-l 1.015 1.0\7 0.1 -0.148 -0.155 -l.7

the physical problem was modelled by virtue of symmetry. A total of 34 boundary elements
and 68 nodes were used to represent the two sub-regions with the respective material
properties. Four different values of E I / E~ were treated. namely. I, 5. 20 and 100; the
Poisson's ratios \', and \. ~ were taken to be the same however. as 0.3. These ratios thus
correspond to the following values for the bimaterial constant;' in eqn (16): O. 0.075. 0.104
and 0.114. respectively.

The exact solution for this problem has been given by Rice and Sih (1965). Using eqn
(48). the stress intensity factors h, and KII were obtained from the BEM computed traction
coetlicients at the crack-tip node of the traction-singular quarter-point element. The charac­
teristic dimension L \vas taken to be ellual to the half-crack length a in the calculations.
Table I lists the normalized stress intensity factors. h,!(T,J1tO and KII /(T,J1ta. as obtained
from the HEM analysis for the different £)£, ratios considered. Also listed arc the cor­
responding exact solutions ~lf Rice and Sih (1965). As can be seen. the REM results ,tre
very good indeed. with less th~1\l 2'Y.. error for h, and less than 5% for KII • The stmin energy
release rate. G. for the dif1Crent cases was also calculated according to elln (42) in the REM
study. and thcir non-dimensionalized valucs arc shown plotted in Fig. 5 against the Ell £~
ratio with the closed form solution. The errors of the BEM results were again less than 5%
for the range of the Young's moduli ratios treated.

Proh!cl/I (ii) : A dC"OII1/ crack "C{II'CCI/ a cil'CII/al' i"elusio" al/d elll iI!/i/li{(' matrix
Figure 6 shows an isotropic. elastic circular inclusion. radius c/. embedded in an infinite

matrix which is made of another isotropic elastic material. A circular arc debond crack.
spanning an angle 20 exists ,tS shown. between the two elastic media. and the matrix is
subjected to remote biaxi,tltension (T. In the BEM analysis. the infinite body was modelled
as a square with side lengths 20 times the diameter of the inclusion. Four different values
of () were treated. namely. 0 = 30 .60 ,lJO and 120. For each of these angles. the same
£,IE~ ratios as in the previous example. namely, 1,5,20 and 100. were again considered.
The Poisson's ratios for both materials were also taken as 0.3 but plane strain conditions
were assumed. The corresponding vallll:s of y. the bimaterial constant. were thus 0, 0.061,
0.OS4 and O.OlJ2. respectively. Figure 7 shows a typical REM mesh used to model half of

40 - -- EJIDCt

~ 0 BEM

~- 30
w·
::::
'" ­.
.!. 20 -

10

oC::======L_..L-_....L .J
, :I 10 20 100

E, I E2

Fig. 5. Variation or the normalized strain energy release rate. GI (((1- dllE,)(I1 •. 1tU)} with the
Young's modulus ratio, E,fE,-Problem (il.
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Fig. 6. An interrace crack hetween a cin:ulM isotropic indusi~'n and an inlinite isotropic malri~

suhjeet to hiaxial tension-Prohlem (ii).

the physical prohlem. advantage heing taken of symmetry. It has two suh-regions with a
total of 35 houndary elements and 70 nodes.

Tahle.: 2 presents the BEM computed value.:s of KI/rTJna and KII/rT,,/TW. and the.: cor­
responding e.:xae.:t results hy Perlman and Sih (1967). The characteristic dime.:nsion L for the
stress inte.:nsity f;lctor computations was taken as a. As can be seen from the table. the
magnitude.:s of the.: error in the HEM solutions were all within 5"1., for all the cases considered.
This was also true.: for the.: computed strain ene.:rgy release rate. G. the variations of which
with EI / E! for the dill'crent value.:s of IJ arc shown in Fig. 8.

Pro"'elll (iii) : All ill/er/cu'e crack he/lI'eell dissimilar ma/erials opelled hy iflleflltll pressltre
The third test proble.:m considered was that of a crack. length 20 and subjected to

internal pressure rT o at its faces. which lie along the straight interface between two dissimilar

: F"\ :

r - - - - - - - - - - - - -I

I I

I o Crock I./llp
I/'I

I I

Fig. 7. BEM mesh rur Problem (ii).

Bo. A
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Tablc 2. :"olormalilcd stress intcnsity factors for a circular arc crack lying along the interface of an isotropic elastic
inclusion in an infinite isotropic body-Problem (ii)

-
A,I1,,,IW A" 11,,, Itll

1/ E, E, I E:\act BEM % Error Euct BEM '% Error

30 0 0.640 0.625 -2.3 -o.ln -0166 -3.5
5 0.001 0.!lM4 01159 -2.!l -0.124 -0.126 1.4

20 0.OM4 0.93M 0.934 -0.4 -0.OM9 -0.091 ' ,
100 00'J2 0.953 0.955 0.2 -0.077 -0.077 0

60 0 0.644 0.631 -2.0 -0.3n -0.364 -~.1

5 O.OM 0.9S6 0.951 -3.5 -0.459 -0.448 -2A
20 0.01l4 I.OMO 1.069 -1.0 -OA60 -0.456 -0.9

100 0.0'J2 1.106 1.105 -0.1 -0.457 -0.452 -!.I

'JO 1 0 OA71 0.403 -1.7 -0.471 -OA57 -3.0
5 0.061 0.N7 0.779 -2.3 -0.6S0 -0.664 -2A

20 0.OS4 O.'JIM 0.912 -0.7 -0.73M -0.n5 -1.2
100 0.ll'l2 0.957 0.957 0 -0.754 -0.739 -2.0

120 1 0 0.265 0.261 -1.5 -0.460 -OA42 -3.9
5 0.061 OAn OA97 0 -0.70M -0.707 -0.1

20 o.mq 0.610 0.613 0.5 -0.813 -0.!l02 -1.4
100 0.01}2 0.653 0.657 (J.6 -0.851 -0.M2'J -2.6

semi-infinite bodies. as shown in Fig. 9. In this problem. material I was treated as anisotropic
with the orthogonal material axes. xt-x!. rotated by an angle () with respect to the global
X,-X: axes. as shown in the figure. To redul.:e the number of variable parameters in the
problem. material 2 was treated as isotropic. It should. however. be emphasized that this
docs not detract from the validity of the BEM technique employed. For the purpose of
illustr'ltion. the dastil.: properties of single crystal alumina AI10, were used for material I.
while those of fully stabilized polycrystal zirconia. FSP Zr01' were used for material 2. The
engineering constants for the former. I.:akulated from the clastic compliances given in
Simlllons and W,lng (llJ71 l. arc as follows:

Et, = 345 GPa.

l't1 = 0.131.

Ilh, = 51.) GPa.

Gt: = 173 Gila.

E!: = 516 GPa.

I'tl = 0.362.

Ilh: = O.

E!J = 345 GPa.

I'!J = 0.196.

Ilh.l = - 59 GPa.

where the asterisks denote that these values an: with reference to the orthogonal material
axes direl.:tions; £1. is the Young's modulus in the x1-direction; Gt2 is the shear modulus
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Fig. 8. Variation of thc normalizcd stmin cncrgy relcasc rate, G/[[(I-I';)/E,)(I1'ltll)} with the
Young's modulus ratio Eo/El-Problem (ii).
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Fig. I). An interface ,ra,k between anislltwpi, alumina and FSP zirconia--Prohkms (iii) and (i\)

in the xi-x! plane: I'~ is the Poisson's ratio which is defined as the compressive strain in
the xt-direction due to a unit extensional strain in the xi-direction: and the quantities 1/:'.•

arc referred to by Lckhnitskii (1963) as the coefficients or mutual influence or the tirst kind.
As a matter or interest. the isotropic valucs ror thc Young's modulus and Poisson's ratio
of AI~Ol have becn givcn in thc literature as 3lJ6 GPa and O.~4. respectively. As ror thc FSP
zin:onia. which is isotropic. thc corrcsponding valucs arc IlJ~ GPa and 0.3. respectively.

In thc numeril:al analysis. a finite bimaterial body was trcated with width IVand height
~II equal to ~O(/. Figure 10 shows the boundary element mesh employed for the problem:
it has a total of 4(1 elements and lJ~ nodes. Plane strainl:onditions were again assumcd in
the analysis. Also. rour ditrcrent values of O. the angle of orientation of the material axes.
wen.: considered. namely. 0 = 0 . }O .60 and lJO . The exal:t doscd-form solution for the

Bo. X

r---(

r--------------I
I C~k tlP~ {~lIP I BOll X

: I I 11111 I I 11111 I I \
I IL ..J

rig. 10. BEM mesh for prohlems (iii) and (i,),
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Tanio: J. l'ormalized stress intensity fa.:tors and strain energy release rates for a
pressurized interfao:e o:ra.:kbctwl.'Cn FSP zrO, and anisotropic AI,O, half-planes.

K = 11", :w: G" = ;(,7" +J"+J,, ... J::)I"."K'

/I I Exact BEM % Error

0 0.0~5-J K,' K 0.99~ 1.000 0.8
Kr i\ 0.9<)~ 0.9~~ -0.7
K,: K 0.107 0.101 5.6
K~ K -0.107 -0.107 0.0
G',G" 0.478 0,485 1.4
G

8
G" 0.47~ 0483 0.8

30 0.04-J3 K,' 'I: 0.97~ 0.994 1.5
Kr I: 0.9~2 1.005 U
K,~ i\ 0.193 0.186 -3.6
K~ I: -O.I~J -0.186 -J.6
G':'G" 0.-J78 0.491 ~.7

G8 'G" 0.479 0.489 2.1

60' 0.()(178 K,'iK 1.000 1.005 0.5
KrK 1.000 1.()(13 0.3
K,:;K 0.035 0.033 -5.7
K~/I: -0.035 -rum -5.7
(j '/Gu 0.522 0.526 (UI

GH/G" 0.52~ O.5~5 0.6

'Ill 0.0254 Kill: O.~~lJ 1.()(16 0.7
A:r/ I: O.lJlJ2 lJ,lJlJl! 0.6
K,:ih 0.111 lJ,IlJ5 -5.4
K~:h -lJ.111 -lJ.llJ) -5.4
(i '/(;u lJ.4l)(, O.5lJ~ 1.2
(ilf/(i ll 0,49) lJ.S(Hl 1.0

stress intensity facturs Uf interface cracks between anisotropic dissimilar half planes has
been given by Wu (1990), Thus. the accuracy of the BEM solutions can be assessed with
respect to these results. This is shown in T'lblc 3. where the superscripts "A" and "BOO in
1.:1• 1.:11 and (j denote the two crack tips shown in Fig. 9. The chamcterizing dimension L
used in the stress intensity factor computations here was W. the width of the bimaterial
plate. Also. the parameter Gil used for non-dimensioning the strain energy release rate G is

(49)

where e7"1 are the wellicients of the ij matrix defined in eqn (27) and are material pammeters,
For the singh: crystal properties of AI10 1 considered. when U = 0 . they are as follows:

ell I = 1.375 x 10

e711 =4.041 x 10 ~

el, 2= 4.041 x 10 ~

el12 = 1.328 x 10 (50)

The accuracy of the BEM results for KI and G can be seen to be very good indeed. the
errors were all less than 3%. Those for 1.:11 were slightly higher however. but then. the
numerical values of 1.:11 are about .1Il order of magnitude smaller than K1 for this problem.
It is also evident from thc results that. for a given BEM mesh employed. the accuracy of
the solutions obtained was not dependent on the orientation of the material axes. as should
he the c.tsc.

Proh!em (ir) : All illla/ace crack .whjecled In pllre s!lear Iyill,q he/ll'e('11 dissimilar malerials
The fourth test problem analysed was similar to that in Problem (iii) in all respects

except for the loading condition on the crack faces. Instead of internal pressure acting
on the crack faces. they were subjected to a uniform shear stress til as shown in Fig.
9. The boundary element mesh used was also the same as in the previous example.
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T .I ole ~. :\Orm.lhled ,tress intensity f.l..:tors and ,tram energy relea-e rates fllr .In
interface crack suoj~'\:ted to shear stress. lying het"een FSP ZrO, and anisotropIC

AI,O, half-planes. I: = r",- Ira; G" = ;1<7" ... ,7" +- J" - ,r,lj" ,J:'
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as shown in Fig. 10. Table -l lists the results 1'01' the normalized stn:ss intensily r:'ll.:lOrs.
K,/r n•./7to and Kll /r nJ7to. and the normalized strain energy release rate (,'/(;". where
Gn = (e711 +e71~+e711 +(711)(rl~7W)/4. The wellil.:ients e7'/1 have the same nunH:ril.:al values
previously used. In this prohlem. the magnitudes of KII are ahout an order greater than
those of K,. It is again of signilil.:ance to note that the BEM results were very good indeed.
thus validating the technique employed.

PruhlC'f11 (1') : An ellipticul inclusion with ell/ il/tC'r/ilcC' crack iI/ ell/ ell/isotropic /IIutrix
The tinal problem treatecJ was that or an elliptical clastic inclusion embedded in an

infinite anisotropic matrix ancJ containing an interface dehond I.:rack as shown in Fig. II.
The geometry of the indusion is defined by the semi-major and semi-minor axes. u and /I.
respectively, and the extent of the debond crack is measured by the angle 20. Also. lhe
anisotropic matrix is subject to remote uniform radial tension u. The clastic inclusion was
taken to he FSP ZrOI here while the matrix was taken to have the same elastic properties
of single crystal AI 10 1 given earlier. Five difkrent ellipse aspect ratios. /llu. were analysed.
namely. hla = 1/3. 1/2. I. 2 and 3. For each or these geometries. three sizes or the interrace
crack were treated; they com.:spond to 0 = 30 . 60 and 90 .

In the BEM an..llysis. the infinite matrix was modelled as a finite circular cylinder with
radius 100. Also. the material "xes directions were t..lken to coincide with those or the glob,,1
Cartesian "xes. for the purpose of comp"rison. repeat computer runs were made with the
matrix assumed to be isotropic AI10 1 for each of the above-mentioned geometric cases.
figure 12 shows a typical IlEM mesh employed 1'01' the problem where a maximum of 52
clements and IO-l nodes were used.

The results 1'01' the stress intensity ractors are shown in Table 5: they have been
norm"lized with respect to u ..,/rra and the char"cterizing dimension L used in their com­
putations was a. It is worth noting frolll this table that the stress intensity ractor KI "nd KII

at the two crack-tips "A" and "13" can be significantly different rrom one another in
magnitude because of the material anisotropy. They arc also in deviation from the cor­
responding results obtained when the lll"trix was assumed to he isotropic. Figures IJ(a).
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Fig. II. An elliptical FSP zrO~ indusion in an anisotropic AI:O, matrilt with an interface cral:k­
Problem (v).

3:!17

(h) and (c) show the v.trIatlons of the normalized strain energy release rate with the
aspect ratio. h/Cl. of the elliptical inclusion. for the three debond cmck sizes analysed. The
coeflkients c7." in the normalizing parameter were the same as before as given in e4n (50).
Of interest to note is that the strain energy release mte obtained for the isotropic matrix
case was closer to that at crack-tip "U" in the anisotropic matrix case. for a given crack
size.

5. CONCLUSIONS

The multi-region boundary element method (BEM) for plane anisotropy has been
employed in the amtlysis of interface cracks between dissimilar materials. It was based

Box x
~ __ l...
:0:'- ..J

r-Crock - - - Crock i: tiPc:::>,t,PB I
I I Box X
I
I I
L ..J

Fig. 12. BEM mesh for Problem (v).
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on the quadratic isoparametric clement formulation and special quarter-point crack-tip
clements which incorporate the proper oscillatory O(r 1 ~ 'I;') traction singularity were used.
With these elements. a simple expression relating the stress intensity factors to the BEM
computed nodal traction coellicients at the interface crack tip could be obtained. This
provided a very quick and emcient means of obtaining the stress intensity factors for
interface cracks between dissimilar anisotropic bodies. The technique was validated by four
test problems in this paper. two of which have a crack between dissimilar isotropic materials
while in the other two. material anisotropy was considered. Very good solution accuracy
for the stress intensity factors and the energy release rates were obtained even with modest
mesh discretizations. The results for a fifth problem. namely that of an elliptic elastic
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Table 5. Normalized stress intensity factors for an interface crack between an
elliptical FSP zrO: zirconia inclusion and an infinite alumina AI:Q; matrix

subjected to uniform radial tension-Problem (v). K = O',,'lta
(NOTE: For the isotropic matrix. KII is + ve for crack-tip A; - ve for crack-

tip B.)

Anisotropic matrix Isotropic matrix
/I "<1 "",' K K,1,K Kf K K~K K, KII (±)

30 13 0.315 0.1~1 0.358 -0.047 0.369 0.039
11 OAI1 0.011 OAII -0.091 0.419 0.059
I 0.-t08 0.160 0.-t81 -0.116 0.494 0.155
1 lJ..·105 0.139 0.443 -0.166 OA61 0.179
3 0.·C9 0.396 0.59~ -0.141 0.536 0.314

60 I 3 0.516 0.009 0.510 -0.145 0.556 0.09~

1,1 0.543 0.059 0.530 -0.139 0.580 0.159
0.420 0.115 0.503 -0.136 0.469 0.191

1 0,439 0.286 0.531 -0.332 0.495 0.33~

.' 0.583 0.163 0.620 -0.411 0.610 0.363

90 I 3 0135 0.119 0.n3 -0.249 0.200 0.281
1/" 0.174 0.248 O.2IB -0.283 0.221 0.305
I 0173 0.180 0.369 -0.330 0.320 0.338
2 O.4~2 0.352 0.547 -0.388 0.498 0.406
3 (158-t 0.3~1 0.h89 -(UKI 0.641 0.392

inclusion in an anisotropic matrix and containing an interface debond crack. have also been
presented, It provided an illustration of the practical usefulness of the boundary clement
method in the fracture mechanics analysis of multi-phase materials even in anisotropy,
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